Abstract. We use K-area homology to summarize some results about the Novikov conjecture and the Hirzebruch L-class. In fact, we provide necessary and sufficient conditions for closed manifolds to have a homotopy invariant Lclass. In order to obtain additional properties we also introduce the cohomology of infinite K-area which preserves the cup product of singular cohomology.
Introduction
The purpose of this article is to give an alternative approach to the Novikov conjecture. We ignore results about the Baum-Connes assembly map which lead to the strong Novikov conjecture. The definition of the K-area homology in [7] and most of the results in this paper are motivated by Gromov's work [2] . Remember that the K-area homology is determined by the curvature of complex vector bundles, is easy to compute in many cases and has plenty of interesting properties (cf. [7, 8] Note that the homotopy invariance of L(M ) is equivalent to the homotopy invariance of all rational Pontryagin classes p k (M ) ∈ H 4k (M ; É). Novikov proved in [9] the invariance of the L-class under homeomorphisms and presented in [10] counterexamples to its homotopy invariance. Eventually this lead to the conjecture about the oriented homotopy invariance of the higher signatures. The Novikov conjecture for a discrete group π asserts 
. In order to show part (3) we use a result by Davis [1] which is well known to experts in case M is simply connected. Notice that simply connected closed manifolds M satisfy
We can show H * (Bπ; É) = 0 for plenty of discrete groups π, but have no example with H * (Bπ; É) = 0. However, vanishing of H * (Bπ; É) is unsettled for many groups π. Claims (1) and (2) in the theorem follow from a result by Hilsum and Skandalis [5] . Claim (1) can be improved by a straightforward argument of [3, theorem 3.9] , in fact Hanke's theorem implies the strong Novikov conjecture for π if H * (Bπ; É) = 0. Hence, H * (Bπ; É) = 0 may be called the very strong Novikov conjecture for π. Observe that plenty of non-aspherical closed manifolds M with H * (M ; É) = 0 exist. Since H 0 (M ; É) and H 1 (M ; É) vanish for all manifolds, theorem 1.1(2) includes two classic results: the oriented homotopy invariance of the signature if dim M = 4k and moreover, the homotopy invariance of the class L k (M ) if dim M = 4k + 1 (cf. [10] ). A more subtle argument than theorem 1.1(3) yields the following result. 
Corollary 1.2. If M n is oriented and closed with
H * (Bπ 1 (M ); É) = 0 and dim H n−4k (M ; É) = 1, L k (M ) ∩ [M ] ∈ H n−4k (M ; É) for some k > 0,(N )| < ∞.
Cohomology of infinite K-area
The cohomology of infinite K-area is complementary to the homology of finite K-area. The advantage of the cohomology version is the additional ring structure whereas many results are better stated within the homology version. Let (M, g) be a compact Riemannian manifold and V ǫ,g (M ) be the set of finite dimensional Hermitian vector bundles (E, ∇) → M with curvature R
the vector subspace which is generated by the Chern characters ch(
At first we observe that H * (M ; É) depends only on the homotopy type of M and not on the choice of the Riemannian metric g. In fact, if f : M → N is continuous, the pull back of (singular) cohomology classes provides a linear map f
) is a cofunctor on the category of compact smooth manifolds and continuous maps into the category of rational vector spaces which satisfies the homotopy axiom. Clearly, H
) we conclude the second claim from functoriallity.
Remember that the intersection product is not preserved in K-area homology. In order to avoid difficulties with the cup product of odd classes we also introduce two stabilized versions of the cohomology of infinite K-area.
be a generator and define the subspaces
This follows from the last lemma and H * (T
yields a well defined cofunctor. We call H * rs (M ; Q) ring stabilized cohomology of infinite K-area.
(ii) Let j +k be even and
i.e. H * st (M ; É) becomes a ring with respect to the cup product.
Proposition 2.3. We have 
⊥ . Since we are interested in statements for classifying spaces Bπ we extend the functors of K-area homology to the category of topological spaces. In fact, if X is a topological space define
where f : M → X denotes continuous maps between compact smooth manifolds M and X. In this case and below, "ω" my be blank, ring stabilized "rs" or stabilized "st", i.e. H ω k (X; É) stands for the usual K-area homology H k (X; É) or its stabi-
addition is obtained by the disjoint union of compact manifolds. Analogously, the cohomology of infinite K-area of X is given by
which is clearly a subspace of H k (X; É). Additionally to the results in [7, 8] we summarize a few facts:
( (4) Additivity: If X = α X α is a wedge sum, then the inclusions i α :
and H 2 * (X; É) are rings with respect to the cup product. In fact, the cohomology cross product satisfies
for ω ∈ {rs, st} and all k, l. (6) The cap product of singular homology/cohomology satisfies
If N is a compact manifold with finite fundamental group and X a topological space, then
Proof. (1), (2) and (3) are obvious and will be left to the reader. (4) The inclusions i α : X α → X and the projections p α : X → X α (here everything outside X α is mapped to the basepoint x α ∈ X α ) satisfy p α • i α = id Xα . ( α i α ) * is an isomorphism for singular homology if k > 0, i.e. functorial reasons provide the claim. 
ω (X; É) and β ∈ H * ω (Y ; É). Hence, the ring structure of H * ω (X × Y ; É) and
. The same is true for H j and H k if j or k − j is even.
(7) Note at first that proposition 3.2 in [7] holds in the nonorientable case using the topological transfer map, in fact h * :
there is some g : M → X and η ∈ H ω k (M ; É) with g * (η) = θ. At first we construct a manifoldM which "covers" the path components of M such that g lifts to a map represented by a finite set of points p 1 , . . . , p s ∈ M . Choosex i ∈ f −1 (g(p i )) and consider the subgroups
Without loss of generality N is connected, the general case follows from the additivity axiom. If X = M is a compact manifold, the claim follows from proposition 3.2(iii) in [8] . The inclusion ⊇ is obvious. Considering inclusions i 1 :
In analogy to the observations in [11] we are able to conclude some basic properties for the classifying spaces Bπ if π is a discrete group. In fact, the following proposition shows H * (Bπ; É) = 0 for many discrete groups π. 
The L-class and K-area homology
The L-class of a manifold M is a polynomial in the rational Pontryagin classes of its tangent T M . Novikov proved in [9] that the rational Pontryagin classes and therefore the Hirzebruch L-class L(M ) depend only on the homeomorphism type of the manifold. The geometric relevance of L(M ) enters as the index of (twisted) signature operators. In fact, M L(M ) is an integer and coincides with the signature of a closed oriented manifold. This yields the homotopy invariance of L k (M ) if dim M = 4k. Moreover, Novikov also showed in [10] the homotopy invariance of L k (M ) ∈ H 4k (M ; É) if M has dimension 4k + 1. However, in general the total L-class is not invariant under homotopy equivalences. Below we give necessary and sufficient conditions for manifolds M having a homotopy invariant L-class.
Given an orientation preserving homotopy equivalence f : M ′ → M between closed manifolds and a bundle E → M . We consider the twisted signature operators
Hilsum and Skandalis proved in [5] the existence of ǫ > 0 such that
Here ρ denotes multiplication by 2 k on H 2k (M ; É) for all k (cf. [6] for AtiyahSinger). Note that the ǫ depends on the homotopy equivalence f and the choice of a Riemmanian metric g on M . Thus, we obtain for all bundles E ∈ V ǫ,g (M )
which yields the following proposition. 
holds for all α ∈ H * rs (M ; É).
Proof. Choose i such that i + dim M is even and consider the orientation preserving homotopy equivalence f × id :
The result by Hilsum and Skandalis yields ǫ = ǫ(g ⊕ h, i) > 0 with the property
all i which completes the proof. Note the problem trying to prove this proposition for H st * : the choice of ǫ > 0 depends on i.
Together with proposition 2.3 this proves theorem 1.1(2). Of course, H 
for all α ∈ H * rs (Bπ; É) = H * (Bπ; É).
where f : M ′ → M and h : M ′′ → M run over all orientation preserving smooth homotopy equivalences to M , then the last proposition shows
Observe that Γ * M depends only on the homotopy type of M , i.e. if g : M → N is a homotopy equivalence between orientable closed manifolds, then g * : Γ * M → Γ * N is a bijection. The following theorem is known to experts in various forms, we use a version by Davis. Notice that the assumption n > 4 is superfluous in our present situation, and the proof needs only the functoriallity of H ω * and [1, theorem 6.5]. Observe that the condition k > 0 is essential because Γ n M = 0 for all M n whereas H n (M ; É) is nontrivial in many cases. This theorem completes the proof of theorem 1.1. In fact, if H n−4k (M ; É) = 0 for some k > 0, then Γ n−4k M is nontrivial and the last theorem yields an infinite number of (distinct) smooth homotopy equivalences f : 
is a well defined isomorphism for all k < n + j with n + j − k ∈ 4 . Hence, the last corollary yields the claim because k = n + j − 4s for s > 0.
of facts (5) and (6) 
